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ABSTRACT 


The  3BSGY  equations  for  M  identical,  impenetrable,  charged 
particles  which  move  in  one  dimension  and  lie  in  a  charge 
neutralizing  background,  are  shown  to  separate  into  N  uncoupled 
equations  for  the  sequence  of  N  reduced  distributions.  The 
potential  relevant  to  any  subgroup  of  s  adjoining  particles  is 
that  of  an  s-dimensionai  harmonic  oscillator  whose  frequency 
is  the  plasma  frequency  of  the  aggregate.  The  s-particle 
spatial  equilibrium  distribution  reveals  that  particle  vibra¬ 
tions  remain  centered  about  fined,  uniformly  distributed  sites 
as  p/T  goes  from  zero  to  infinity,  where  p  is  particle  density 
and  T  is  temperature.  Thus  it  is  concluded  that  the  system 
suffers  no  change  in  phase  for  all  p  and  T. 
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In  this  paper  we  consider  a  cne-dir.ensior.al  aggregate  of 
N  identical  charged  particles  which  move  in  a  charge  neutral 
background  which  extends  ever  she  spatial  interval  (-1/2,  1/2). 
The  particles  are  further  constrained  so  that  they  are  impene¬ 
trable.  Whereas  the  equilibrium  properties  of  closely  related 
systems  have  been  studied  in  detail  [1,2],  kinetic  analyses 
have  for  the  most  part  been  restricted  to  numerical  studies  [3,4]. 
Furthermore ,  in  these  previous  investigations,  particles  were 
net  constrained  to  be  impenetrable . 

In  the  present  work,  a  general  simplifying  property  of 
the  3SKGY  sequence,  relevant  to  this  configuration,  is  derived. 
Namely,  it  is  found  that  the  hierarchy  separates  into  N  un¬ 
coupled  equations  for  the  sequence  of  N  reduced  distributions. 


The  potential  relevant  to  any  such  subgroup  of  s  labeled, 
adjoining  particles,  is  that  of  an  s-dimensicr.ai  harmonic 
oscillator  whose  frequencies  are  equal  to  the  plasma  frequency 
of  the  aggregate. 

The  general  solution  for  each  such  reduced  distribution 
is  obtained  and  explicit  forms  are  written  down  for  the  norm¬ 
alized  equilibrium  distributions  at  a  given  temperature.  The 
one-particle  distribution,  for  the  first  labeled  particle,  in 
configuration  space,  is  found  to  be  one  half  a  gaussiar.  with 
local  maximum  at  x  *  -L/2  and  local  minimum  at  x  *  +1/2.  This 
asymmetry  is  a  consequence  of  the  constraint  of  impenetrability 
and  distinguishability  of  particles  in  cr.e  dimension. 
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The  s-particle  equilibrium  distribution  is  found  tc  con¬ 
tain  the  Debye  distance  as  a  parameter.  Apart  from  fixed 
constants,  the  square  of  this  length  is  equal  to  T/p,  where 
T  is  temperature  and  p  is  particle  number  density.  It  is 
found  that  as  T/p  diminishes  from  •  to  0,  the  s-particle 
spatial  distribution  passes  from  a  flat  distribution  to  one 
which  is  peaked  at  uniform  intervals.  The  exact  form  of  the 
many  -  part icis  distribution  function  reveals  that  at  all  points 
of  this  variation,  particle  migrations  remain  centered  about 
sites  fixed  at  uniform  intervals.  These  findings  are  in  accord 
with  those  of  Xunz  [5],  who  studied  the  same  configuration  as 
described  herein,  through  a  partition-function  approach.  Al¬ 
though  results  are  left  in  quadrature  form,  Xunz  concludes 
that,  'the  system  is  in  a  crystalline  state,  at  all  tempera¬ 
tures  and  densities'.  Van  Hove  [6]  reaches  the  same  conclusion 
for  a  collection  of  finite-sized  rigid  particles  in  one  dimen¬ 
sion,  through  calculation  of  the  free  energy  of  the  configuration. 

Part  it  ion- function  analyses  of  Ler.ard  [1],and  Baxter  [2] 
for  the  analogous  system  of  penetrable  charged  particles  were 
interpreted  to  imply  a  form  of  particle  binding  which  reduced 
the  effective  number  of  particles  by  one  half.  A  molecular- 
field-type  phase  transition  for  a  one- dimensional  Coulomb 
system  on  a  circle  was  reported  by  Schotte  and  Truong  [7]. 
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With  this  form  at  hand,  we  may  construct  the  liouviile  equation 

for  the  tt-particle  distribution  f  (x  ,?*") ,  where  x^  denotes 

N 

\T 

the  ^-dimensional  vector,  x7 ,  and  similarly  for  p  . 

There  results 

3:\  »  P±  3fv  N  ...  3fv 

-  a  4.  r  - _ £L  _  r  3  n  f  9  > 

3t  £  m  3x^  ^  3x^  3p^  ^ 
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The  remainder  summation  vanishes  due  to  the  boundary  conditions 
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To  reduce  the  third  term  in  (3)  first  we  note 
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i1***  tern  we  find 
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Collecting  those  terms  gives, 
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With  the  additional  boundary  condition 
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it  follows  that 
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hus,  the  integral  of  (2)  he cones, 
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Combining  (M  and  this  last  res' 


we  obtain 
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Ihus  we  find  that  for  a  one-dire 

trable  particles,  the  33XGY  equations  degeneraoe  into  .'I  u 
counled  ecuaticns  for  the  sequence  { f _ }  ,  3=1,  M. 
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Itcniar.  and  Solutions 


e  potential  which,  enters  (13)  is  given  i 
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Ihus  the  potential  'seen'  by  the  sub  group  of  particles 
1  through  s  is  that  of  an  s-cimensicr.al  harmonic  oscillat 
with  constant  effective  spring  constant  au  varying  dis 
tlacerent  of  oririn,  X.,  ,  and  varying  depression  of  enerzy 
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It  follows  that  in  the  accessible  configuration  space 
r  r 

(  -j^x.,  <_  +  y) }  the  probability  of  locating  particle  Mo.  1  is 
maximum  at  -1/2  and  minimum  at  L/2.  This  asymmetric  property 
is  a  consequence  of  the  impenetrability  constraint  (3). 


Phase  Properties 


Returning  to  the  s-particle  configuration  distribution 
notion  C2i),  we  see  that  in  the  Halts: 
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i , 
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b)  X-  0  ,  p  ♦  a  o(x,  +  ) 

Note  that  the  constraint  C3 }  reappears  in  limit  (b).  To  under¬ 
stand  the  significance  of  the  limiting  forms  (a)  and  (b ) ,  we 
refer  to  the  expression  for  Xn  given  above.  Thus,  X_-*-®  ccr- 
responds  either  to  T  -*■  •  or  p*0,  both  of  which  extremes 
diminish  the  Coulomb  interaction  between  particles  and  back¬ 
ground.  The  ir.terparticle  force  in  one  dimension  is  constant. 


The  opposite  limit,  X_-C,  corresponds  either  t< 


0  or 


o  -  ® ,  in  which  cases  the  interaction  between  particles  and 
background  is  most  pronounced  resulting  in  a  rigid  spatial 
ordering  of  the  N  particles.  This  change  from  a  uniform,  fiat 
distribution  at  (o/T)  »  C  to  a  distribution  of  uniformly  spaced 
particles  at  the  limiting  value  (p/T)  *  ®,  resembles  a  contin¬ 
uous  transition  from  the  gaseous  phase  to  the  solid  phase. 
However,  the  form  (21)  indicates  that  particles  'remember' 
their  centers  of  displacement  (x,  *  -  X, )  throughout  the  change 
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in  c/T.  In  this  sense  the  system  na  in  tains  its  crystalline 
property  for  all  o  and  T  [5]. 


Ccnc-uslons 

The  33K3Y  sequence  for  M  equally  charged ,  impenetrable , 
identical  particles  which  move  in  a  charge  neutral  cne-dimen- 
sicr.al  space  were  shown  to  separate  into  N  uncoupled  equations 
for  the  respective  '<  reduced  distributions.  The  Hamiltonian 
for  any  sub  group  of  connected  particles  includes  a  summational 
potential  of  harmonic  oscillator  terms  wioh  constant  frequency 
cud  varying  displacement  ci  origin  and  varying  decressicr.  c i 
energy.  Implicit  forms  were  obtained  for  the  coordinate  and 

momentum  parts  of  the  equilibrium  s-carticle  reduced  district- 
*■ 

V  «  • 

The  spatial  component  of  this  distribution  was  found  to 
contain  the  lebye  distance  as  a  parameter,  or  equivalently 
o/T.  In  varying  this  parameter  from  »  to  C  it  was  found  that 
the  s-particle  coordinate  distribution  passed  from  a  constant 
{.flat;  function  of  s  coordinates  to  a  oroduot  of  s  delta 


■unctions  centerec  at  uniform  intervals  over  tne  length 


the  aggregate.  However,  at  all  points  of  this  change,  particle- 
coordinate  variations  remain  centered  about  what  might  be 
termed  'lattice  sites'.  Thus  one  may  conclude  that  there  is 
no  change  in  phase  of  the  system  at  any  o  or  T. 

The  hey  constraint  of  this  analysis  is  that  of  impenetra¬ 
bility  cf  particles.  In  two  and  three  dimensions  [11],  this 
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constraint  has  little  consequence.  However  in  one  dimension 
we  see  that  impenetrability  of  particles  implies  distinguish- 
ability  of  particles.  Thus,  reduced  distributions  are  always 
of  labeled  particles  and  kinetic  theory  becomes  a  clarifying 
tool  for  uncovering  statistical  properties  for  such  configura¬ 
tions  . 
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